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Abstract. In the present work we consider a special case of estimation
in branching stochastic processes with random migration. The aim is to
estimate the distributions of the offspring, of the emigration and of the im-
migration components, as well as the migration events probabilities, using
information about the entire family tree. For this purpose, the nonparamet-
ric maximum likelihood method is chosen. Additionally, estimators of the
probability mass functions are derived and evaluated through simulations
and computational analysis.
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1. Introduction
At some point in life, everyone becomes curious about how things evolve

or disintegrate. For instance, we might wonder why certain species go extinct,
or whether we can predict how a particular virus will spread. An even more
interesting question is whether we can somehow control the dynamics of a
population. These questions, and many more, can, in one way or another, be
explored using the tools of branching processes (BP) (for example (Caron-
Lormier et al. 2006) and (Haccou et al. 2005)).

In our work, motivated by (Nitcheva & Yanev 2000), we examine a BP
that allows random migration. A significant early contribution to the theory
of such processes, was made independently by (Nagaev & Khan 1981) and
(Yanev & Mitov 1980). These models were developed as a special case of
controlled branching processes, where the number of offspring in each gener-
ation can be influenced by random external factors, including the migration
of individuals into or out of the system. Their work extended the classical
Galton–Watson model by incorporating random migration terms, enriching
the model’s applications to biological and ecological systems where such ex-
ternal movement is realistic and significant.
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1.1. The general model
The model we simulate and derive estimators for is closely based on the

one defined (Nitcheva & Yanev 2000) as follows.
On a probability space (Ω,A,P), we define the following sets: X = {Xn,i},

η = {(ηn,1, ηn,2)} and I = {(In, I0n)}. Each set consists of independent non-
negative integer valued and identically distributed (i.i.d.) random variables
(r.v.), and the sets themselves are mutually independent. The branching pro-
cess with random migration (BPRM) {Yn} is then defined by the recursive
equations

Y0 ≥ 0, Yn+1 =
 Yn

i=1

Xn,i +Mn

+
, n = 0, 1, ..., (1)

where

Mn =




−(
ηn,1
i=1

Xn,i + ηn,2), with probability p

0, with probability q

In1{Yn>0} + I0n1{Yn=0}, with probability r.

(2)

Here p + q + r = 1 and Y0 is independent of X, η and I. As usual a+ =
max(0, a).

The interpretation of the components involved in the above definition re-
lates to the branching and migration mechanisms within a population. The
r.v. Xn,i denotes the number of offspring in the (n + 1)-st generation of the
i-th individual (called in some biologically driven situations the i-th particle)
which exists in the n-th generation. The r.v. ηn,1 represents family emigra-
tion, that is, the number of families that emigrate before reproduction. In
contrast, ηn,2 corresponds to individual emigration, meaning that ηn,2 individ-
uals, randomly chosen from different families, are removed after reproduction.
Finally, In and I0n represent the state-dependent immigration in the non-zero
state and the zero state, respectively. The emigration, immigration or ab-
sence of migration in a given generation occur with the probabilities p, r, and
q = 1 − p − r respectively. Note that there is a generalization of this model
to the model with time non-homogeneous migration (p = pn, q = qn, r = rn),
investigated in (Yanev & Mitov 1985).

This definition incorporates many important cases. The process with q = 1
is the classical Bienayme-Galton-Watson (BGW) branching process. The
process with r = 1 and In = I0n a.s. is the classical BGW process with
immigration. The process with p = 1 (with pure emigration) was studied in
the papers (Vatutin 1977), (Kaverin 1990), and (Grey 1988).
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The properties of the model (1) are considered in the papers (Yanev &
Mitov 1980), (Yanev & Mitov 1981), (Yanev & Mitov 1985), (Yanev & Yanev
1991), (Yanev & Yanev 1995), (Yanev & Yanev 1996) and (Yanev & Yanev
1997). In these papers additional parameters of criticality are introduced:

M = E[Mn|Yn−1 > 0] = rE[I1]− pE[η1,1 + η1,2],

and
θ = E[Mn|Yn−1 > 0]/(

1

2
V arX1,1) = M/(

1

2
V arX1,1).

They play an important role for the asymptotic behaviour of the process,
i.e. in the critical situation when E[X1,1] the limiting behaviour depends on
whether θ is smaller, equal to or greater than zero. Hence, for this type
of processes the standard classification of subcritical (E[X1,1] < 1), critical
(E[X1,1] = 1) and supercritical (E[X1,1] > 1) process must be additionally
specified by the parameter M or θ. From statistical point of view, if M < 0,
on the average, the emigration predominates the immigration, and if M > 0,
the immigration overtakes the effect of emigration (Yanev & Yanev 2000).

Note that the state zero is a reflecting barrier for the regenerative process
{Yn}, which is an aperiodic and irreducible Markov chain.

1.2. The model under consideration
In the next sections we use two main simplifications of the above model.

First, we exclude family emigration, migration before reproduction, but per-
mit only individual emigration occurring after reproduction. Second, unlike
the original model that employs two different immigration distributions (de-
pending on whether the previous generation size is zero or positive), we use
a single immigration distribution regardless of the population size in the pre-
vious generation:

Mn =





−ηn, with probability p

0, with probability q

In, with probability r

, (3)

and p+q+r = 1. Hence, the three exploited sets of r.v. become X = {Xn,i},
η = {ηn = ηn,2} and I = {In}. Additionally, our estimations would be based
on the information about the entire family tree, rather than relying only on
the size of each generation. Specifically, we assume that for each generation,
we observe the migration events, including the number of individuals added
or removed.

The paper is organized as follows. In Section 2 we consider the formula-
tion of the nonparametric maximum likelihood in the branching setting with
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random migration component and full information about the branching tree.
Section 3 discusses some statistical properties of the estimators. Simulations
and computational results are presented in Section 4.

2. The nonparametric maximum likelihood estimation
To generate the (n+1)-st generation from the n-th, we proceed as follows.

First, we observe the reproduction of the individuals in generation n through
the r.v. {Xn,i}, which are the number of offspring produced by the i-th
individual, existing in the n-th generation. After reproduction, a migration
event occurs with one of the following outcomes: emigration with probability
p, no migration with probability q, or immigration with probability r and
only one of the three can occur at each step. Also, a+ = max{0, a}, which
guarantees that a generation cannot have a negative size.

For the estimations that follow, we use the method of maximum likelihood,
assuming that complete information about the entire family tree is available.
We will also introduce some notation that will be used throughout the paper:

1) m = E[Xn,i], e = E[ηn] and λ = E[In]: the means of the offspring, emi-
gration, and immigration distributions, respectively. It is a well-known
fact (see (Harris 1963), among others) that, according to the value of
m, branching processes are categorized into three types: subcritical
(m < 1), critical (m = 1) and supercritical (m > 1), as mentioned in
the introduction.

2) M = E[Mn]: the migration mean.

3) Noff
l (u): the number of individuals in the l-th generation that have u

offspring in the (l + 1)-st generation.

4) N em
l (u): the indicator of the event that emigration occurs in the l-th

generation (after reproduction, i.e., during individual emigration), with
exactly u emigrants removed from the population. These individuals
do not participate in the (l + 1)-st generation.

5) N imm
l (u): the indicator of the event that immigration occurs in the l-

th generation (after reproduction), and exactly u immigrants are added
to the population. This means that N imm

l (i) = 1, when i = u and
N imm

l (i) = 0 for i ̸= u. These immigrants then participate in the (l+1)-
st generation and reproduce according to the offspring distribution of
the process.

6) N em
l , Nnull

l , N imm
l : indicator random variables showing whether there

is emigration, no migration, or immigration in the l-th generation.
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7) poffu , pemu , pimm
u : the probability mass functions (p.m.f.s) of the number

of offspring, emigrants, and immigrants, respectively.

Theorem 1. Let {Yn}n≥0 be a BPRM defined with (1) and (3). The maxi-
mum likelihood estimators (MLEs) for p, q, r and pτu > 0 for u = 0, 1, 2, ... and
τ ∈ {off, em, imm}, based on the entire family tree up to the n-th generation,
are given by:

p̂ =

∑n−1
l=0 N em

l

n
, q̂ =

∑n−1
l=0 Nnull

l

n
, r̂ =

∑n−1
l=0 N imm

l

n
(4)

p̂τu =

∑n−1
l=0 N τ

l (u)∑n−1
l=0

∑∞
v=0N

τ
l (v)

· (5)

Proof. Throughout the proof, we use τ ∈ {off, em, imm}, representing ei-
ther the offspring, emigration, or immigration distribution. Unless otherwise
specified, all expressions involving τ are assumed to range over this set.

Using the fact that the individual reproduction is independent and the
Markov property of the process, the likelihood function can be given by the
following expression:

L(N|p, q, r, {pτu}) =
n−1∏
l=0

pN
em
l qN

null
l rN

imm
l

∞∏
u=0

∏
τ

(pτu)
Nτ

l (u), (6)

where
N = (N em

l , Nnull
l , N imm

l , N τ
l (u)),

which gives us the information about the entire family history. For clarity,
we will omit the parameters for the function in what follows and simply write
L.

In the above expression, the index u may range over different sets de-
pending on the distribution of τ , since the support of each corresponding
probability mass function can vary. For notational simplicity, we write the
likelihood as a single expression, even though some values of u may not ap-
pear in the data for certain distributions. In such cases, the corresponding
terms are implicitly excluded from the product, but the statements are still
true.

It is well known that it is easier to inspect the logarithm of the likelihood
function, since it reaches its maximum at the same points as the original.
Moreover, because p + q + r = 1 and

∑
pτu = 1, we introduce Lagrange
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multipliers λM and λτ . Therefore, the function to be maximized is:

L = logL+ λM (1− p− q − r) +
∑
τ

λτ
(
1−

∞∑
u=0

pτu

)
. (7)

Taking into account that the logL looks like this:

logL =

n−1∑
l=0

[N em
l log p+Nnull

l log q +N imm
l log r] +

n−1∑
l=0

∞∑
u=0

∑
τ

N τ
l (u) log p

τ
u,

(8)
we now differentiate the function (7) with respect to each parameter, set the
resulting expressions to zero, and solve for the estimates.

First,
∂L
∂p

=

∑
l N

em
l

p
− λM = 0 ⇒ p̂ =

∑
l N

em
l

λM
· (9)

Analogously, for q and r we have

q̂ =

∑
l N

null
l

λM
and r̂ =

∑
l N

imm
l

λM
· (10)

Differentiating with respect to λM , we obtain the normalization constrain
p+ q + r = 1, from which it follows that

λ̂M =

n−1∑
l=0

(N em
l +Nnull

l +N imm
l ) = n. (11)

Substituting (11) into (9) and (10), we derive the desired estimators for p, q
and r.

Next, for the estimators of the p.m.f.s from (7) we get

pτu =

∑n−1
l=0 N τ

l (u)

λτ
· (12)

Differentiating again but with respect to λτ and solving the resulting equa-
tion, we find

λ̂τ =
n−1∑
l=0

∞∑
v=0

N τ
l (v). (13)

Substituting (13) into (12), we complete the proof of the theorem.

Corollary 1. Let {Yn}n≥0 be a BPRM defined with (1)-(3). Using the MLEs
obtained in (4)-(5) the MLEs for the offspring mean, m, and the migration
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mean, M , are given by:

m̂ =

∞∑
u=0

up̂offu and M̂ = λ̂r̂ − êp̂, (14)

where λ̂ =
∞∑
u=0

up̂imm
u and ê =

∞∑
u=0

up̂emu .

Proof. This follows from the invariance property of MLEs (see (Casella &
Berger 2002), Theorem 7.2.10) and by using the induced likelihood function.

Comment 1. Note that the estimators of the offspring probabilities poffu have
the same form as the estimators of the offspring probabilities for the general
controlled branching process, proposed and studied in (Gonzalez et al. 2016).
This is expected, because the BPRM process defined by (1) and (3) can be
considered as a special case of a controlled branching process with random
control function, defined by the migration component. In our setting, however,
using the likelihood over the BPRM process, one can directly estimate the
probabilities for migration and the distributions of the immigration and the
emigration components.

3. On the statistical properties of the nonparametric maxi-
mum likelihood estimators

Note that the obtained estimators are correspondingly the relative frequen-
cies of the following events: emigration occurs, immigration occurs or neither
of these; u emigrants or immigrants in a generation are present, a particle
has exactly u offspring. From the classical statistical theory of independent
and identically distributed random observations these relative frequencies are
“good” estimators of the theoretical probabilities (i.e. they are unbiased, con-
sistent and asymptotically normal). We expect that the estimators from the
previous section will also behave well.

Proposition 1. The estimators (4) − (5) of the migration probabilities p,
q and r and of the distribution of the immigration and of the emigration
components in the BPRM process defined by (1) and (3) are unbiased and,
conditionally upon nonextinction, consistent.

Proof. In the following proof, we assume that l = 0, ..., n− 1 and u = 0, 1, ....
First, we will prove the stated properties for the estimators of the migration

probabilities.
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Since N em
l is an indicator random variable that takes the value 1 if we

observe emigration in the l-th generation and 0 otherwise, we have that
E[N em

l ] = p and D[N em
l ] = p(1− p). Using this, we obtain:

E[p̂(n)] =
1

n

n−1∑
l=0

E[N em
l ] =

np

n
= p (15)

and

D[p̂(n)] =
1

n2

n−1∑
l=0

D[N em
l ] =

p(1− p)

n
· (16)

From (15) directly follows that p̂ is an unbiased estimator for p.
Using the Chebyshev’s inequality, we have:

P(|p̂− E[p̂(n)]| > ε) ≤
D[p̂(n)]

ε2
· (17)

Taking into account (15)–(17), we can conclude that p̂(n) is also a weakly
consistent estimator, because:

lim
n→∞

P(|p̂− p| > ε) ≤ lim
n→∞

p(1− p)

nε2
= 0. (18)

In fact, it is also strongly consistent, based on the law of large numbers (LLN).
Similarly, the same results hold for q̂ and r̂ as well.

Now, we will consider the estimators for pimm
k .

Note that
∑

l

∑
v N

imm
l (v) is the total number of generations up to the

n-th one, when immigration is observed. Hence

P
(∑

l

∑
v

N imm
l (v) = uimm

)
=

(
n

uimm

)
ruimm(1− r)n−uimm .

The sum
∑

l N
imm
l (u) is the total number of generations in which immigration

occurs and the number of the observed immigrants is exactly u. N imm
l (u) are

independent for different generations l and in a fixed generation, say l-th,∑
uN

imm
l (u) = 1, if immigration is observed, and

∑
uN

imm
l (u) = 0, if no

immigration happened.
The random variable[∑

l

N imm
l (u)

∣∣∣
∑
l

∑
v

N imm
l (v) = uimm

]

is interpreted as the number of generations, in which u immigrants are in-
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cluded, given that uimm times immigration is observed, hence[∑
l

N imm
l (u)

∣∣∣
∑
l

∑
v

N imm
l (v) = uimm

]
∈ Bi(uimm, pimm

u ).

.
Using the law of total expectation and substituting the obtained estimator

for p̂imm
u we have that

E

( ∑
l N

imm
l (u)∑

l

∑
v N

imm
l (v)

)

=

n−1∑
uimm=0

E

( ∑
l N

imm
l (u)∑

l

∑
v N

imm
l (v)

∣∣∣∣∣
∑
l

∑
v

N imm
l (v) = uimm

)

× P
(∑

l

∑
v

N imm
l (v) = uimm

)

=
n−1∑

uimm=0

1

uimm
E
(∑

l

N imm
l (u)

∣∣∣
∑
l

∑
v

N imm
l (v) = uimm

)

︸ ︷︷ ︸
uimmpimm

u

× P
(∑

l

∑
v

N imm
l (v) = uimm

)

= pimm
u

n−1∑
uimm=0

P
(∑

l

∑
v

N imm
l (v) = uimm

)
= pimm

u ,

(19)

which shows that these estimators are unbiased.
Let us now prove that p̂imm

u is consistent. To do this, we divide the nu-
merator and denominator by n, and analyze each part separately. The LLN
is again used to justify the limits, i.e., the convergences in probability.

For the numerator, we have
∑n−1

l=0 N imm
l (u)

n

P−−−→
n→∞

E[N imm
l (u)] = r.pimm

u , (20)

and for the denominator,
∑n−1

l=0

∑∞
v=0N

imm
l (v)

n

P−−−→
n→∞

∞∑
v=0

E[N imm
l (v)] = r. (21)
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From (20)–(21), and as a direct consequence of the continuous mapping the-
orem, we conclude that

p̂imm
u

P−−−→
n→∞

pimm
u , (22)

which means that the estimators are consistent.
In case we observe the exact number of needed emigrants in the popula-

tion, as we suppose, the above reasoning can be applied to the estimators
of the emigration distribution, hence their unbiasedness and consistency can
be proved. Such sampling scheme can be achieved, for instance, in a sit-
uation when one knows that a given number of individuals is needed to be
removed from the population. In case, when the known number of individuals
is greater than the population size, the available number of individuals in the
generation, smaller than the required, is removed.

Comment 2. Let us comment on the estimation of the offspring probabilities.
Although the number of offspring of the different individuals is independent
and the likelihood function is expressed in a form of products of p.m.f.’s of
independent r.v., we may expect that the estimators have properties similar to
the classical MLE’s. However, one must take into account that the number of
observations in each generation is a random variable (it is the total number of
particles in the previous generation). This may lead to misleading inferences
in some cases.

Note that Noff
l (u), as defined, is the number of particles in generation l,

that have exactly u offspring in the next (l + 1)-st generation. This offspring
is of all particles available in the l-th generation, which may be “native” and
immigrants. One has that

∑
l N

off
l (u) is the number of particles up to the

(n − 1)-st generation with u offspring, and the r.v. Tot =
∑

l

∑
v N

off
l (v)

represents the total number of all particles up to the (n − 1)-st generation,
which is in fact the sum of the sizes of the first (n − 1) generations: Tot =
n−1∑
l=0

Yl. Hence the conditional joint distribution of the number of particles

with a given number of offspring for the l-th generation given this generation
is multinomial and therefore[

Noff
l (u)

∣∣∣Yl
]
∈ Bi(Yl, p

off
u ).

Note that the following relations hold:
∑
u

Noff
l (u) = Yl and

∑
u

uNoff
l (u) = Yl+1 + ηn.
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Because of these restrictions we cannot directly apply the steps in the proof
above to the nonparametric maximum likelihood estimators for the individual
probabilities.

For the controlled branching processes in (Gonzalez et al. 2016) under
specified conditions on the process and the control function the consistency,
the asymptotic unbiasedness and the asymptotic normality of the estimators
p̂offu are proved. Our simulation results show that these properties apply to
the BPRM process as well.

4. Simulations
Although suitable empirical data have not yet been identified at the time

of writing, we maintain that the proposed model has clear potential for ap-
plication to practical problems involving migration mechanisms. A natural
direction for future work is to seek such applications, particularly in fields
such as biology and ecology, where migration plays a fundamental role in
population dynamics. In the present study, however, we restrict our focus to
simulations of the process, implemented in Python, which allow us to inves-
tigate the behavior of the proposed estimators and to assess their potential
effectiveness in practice.

For the simulation we have used the following Binomial distributions:
Xn,i ∈ Bi(2, 0.55), ηn ∈ Bi(4, 0.2) and In ∈ Bi(5, 0.4).

From the above distributions, we can see that each individual in the popu-
lation can have up to 2 offspring; in the case of emigration, up to 4 individuals
can be removed, and in the case of immigration, up to 5 individuals can be
added. Also, we can calculate the actual means of the given distributions,
which are: m = 1.1 (supercritical process), e = 0.8 and λ = 2.

For the migration probabilities, we used a randomly generated vector from
the Dirichlet distribution, resulting in the values: p = 0.5797, q = 0.3530 and
r = 0.0673. Based on these values and the previously calculated means, the
resulting migration mean is M = −0.3292, which is to be expected, because
the most probable event is the emigration.

Using the derived estimators in Theorem 1, the above predefined distribu-
tions and probabilities, we get the following results for 50, 100, 150 and 200
generations1.

The estimates for p, q and r (Table 1) are moving closer to their true values
as the number of generations increases, which is expected due to consistency
of MLEs. An exception is r, possibly because immigration occurs with low
probability, so more generations are needed to accurately estimate it.

The MLEs for the offspring distribution (Table 2) demonstrate excellent
performance. Even with just 50 generations, the estimated probabilities are
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really close to the true values. This suggests that the offspring process is
relatively stable, likely due to its central role in each generation’s evolution.

Table 1. MLEs for the migration probabilities

Probability Real Value n = 50 n = 100 n = 150 n = 200
p 0.5797 0.7200 0.6900 0.6667 0.6850
q 0.3530 0.2000 0.2700 0.2667 0.2450
r 0.0673 0.0800 0.0400 0.0667 0.0700

Table 2. MLEs for the offspring p.m.f.

Offspring № Real Probability n = 50 n = 100 n = 150 n = 200
0 0.2025 0.2057 0.2024 0.2025 0.2025
1 0.4950 0.4913 0.4948 0.4950 0.4950
2 0.3025 0.3030 0.3028 0.3025 0.3025

Table 3. MLEs for the emigration p.m.f.

Emigrants № Real Probability n = 50 n = 100 n = 150 n = 200
0 0.4096 0.2778 0.3478 0.3200 0.3504
1 0.4096 0.5278 0.4928 0.5000 0.4745
2 0.1536 0.1667 0.1449 0.1600 0.1533
3 0.0256 0.0278 0.0145 0.0200 0.0219
4 0.0016 − − − −

The MLEs for the emigration distribution (Table 3) provide a good approx-
imation of the true probabilities, particularly for the more frequent emigration
outcomes. The rare event of observing 4 emigrants has not been captured in
any of the simulations, including those with the largest sample size, due to
its extremely low probability. This highlights the inherent difficulty in esti-
mating very low-probability outcomes using MLEs, as such events may not
occur even in moderately large samples.
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Table 4. MLEs for the immigration p.m.f.

Immigrants № Real Probability n = 50 n = 100 n = 150 n = 200
0 0.0778 − − − −
1 0.2592 0.2500 0.2500 0.2000 0.1429
2 0.3456 0.2500 0.2500 0.3000 0.5000
3 0.2304 0.5000 0.5000 0.5000 0.3571
4 0.0768 − − − −
5 0.0102 − − − −

Based on the results shown in the above tables and Corollary 1, we also
present the MLEs for the means (Table 5) of the process defined in Definition
(1), using (3) for Mn. In addition, we include results for the migration mean,
denoted by MNY , estimated by Nitcheva and Yanev using the weighted con-
ditional least squares method in (Nitcheva & Yanev 2000). As mentioned
previously, their work served as an inspiration for our study.

Table 5. Estimators for the means

Mean Real Value n = 50 n = 100 n = 150 n = 200
e 0.8 0.9446 0.8261 0.88 0.8468
λ 2 2.25 2.25 2.3 2.2142
m 1.1 1.0973 1.1004 1.1 1.1

MMLE −0.3292 −0.5001 −0.4800 −0.4333 −0.4251
MY N −0.3292 −0.1419 −0.4636 −0.4446 −0.4345

From the estimators for the migration mean, we observe that both yield
very similar results for large numbers of generations. However, this is not
the case for smaller ones. Therefore, we present, in Table 6, only the final
estimated values of M for 20 and 30 generations (the real value is the same
as in Table 5).

Table 6. Migration mean estimations

Mean n = 10 n = 20 n = 30
MMLE −0.2000 −0.3000 −0.4002
MY N 20.5061 3.0765 0.0958

These results suggest that our estimator performs better with smaller sam-
ples, likely due to the additional information available about the family tree.
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The following graphics, Figure 1 and Figure 2, display the dynamics of the
population, giving us more visual representation of the process. We observe
that at the beginning the process has more fluctuations, but with the increase
of the generations, the population size begins to grow exponentially.

n = 30 n = 50

Figure 1. Process with random migration

n = 100 n = 200

Figure 2. Process with random migration

In conclusion, while the estimation of offspring probabilities in the BPRM
process shares structural similarities with classical MLE settings, the ran-
domness of generation sizes introduces subtleties that may affect inference.
The constraints on the offspring counts and their dependence on random gen-
eration sizes mean that standard estimation techniques require careful adap-
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tation. Nevertheless, our simulations suggest that desirable properties such
as unbiasedness and consistency hold under the BPRM framework. Future
work will delve deeper into the asymptotic behaviour of the estimators and
explore more complex scenarios, such as cases with insufficient individuals for
removal and corresponding adjustments to the offspring distribution.
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NOTES
1. In the tables, a “−” denotes that the given outcome did not occur in

the observed data.
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